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Abstract

We consider the problem of checking whether a partial impleation can (still) be extended to a complete design which
is equivalent to a given full specification.

Several algorithms trading off accuracy and computatiaeaburces are presented: Starting with a simple 0,1,X-thase
simulation, which allows approximate solutions, but is ablke to find all errors in the partial implementation, we cafes
more and more exact methods finally covering all errors datde in the partial implementation. The exact algorithm
reports no error if and only if the current partial implematibn conforms to the specification, i.e. it can be extendeiftill
implementation which is equivalent to the specification.

We give a series of experimental results demonstratingftbeteveness and feasibility of the methods presented.

1 Introduction

Verification, i.e. the check whether a circuit implemertatiulfills its specification, is a crucial task in VLSI CAD. @xing
interest in universities and industry has lead to new resuitl significant advances concerning topics like propégking,
state space traversal and combinational equivalence ittieldk 9, 19, 15].

For the purpose of this paper combinational equivalencekihg is of particular interest. Here, the task is to checlethibr

the Boolean functions corresponding to the specificatiahtha implementation are the same. Besides functionalatatid

by the application of test patterns, mainly two approachesused to perform the equivalence check: One possibility is
to translate implementation and specification into one Bawlformula which is satisfiable if and only if implementatio
and specification realize the same Boolean function [2312], As an alternative implementation and specification lman
transformed into a canonical form such that the equivalehegek reduces to a check whether the canonical represergati
of implementation and specification are the sameDs[4] and Word-level Decision Diagrams likesfDs[6], HDDS[8] or
K*BMDS[10] are popular choices for such canonical forms.

In this paper we address the problemBifck Box Equivalence Checkingrhich occurs when the specification is known,
but only parts of the implementation are finished or knowrr @ example see Figures 1(a), 1(iBlack Box Equivalence
Checkingenables the use of verification techniques in early stagéseafesign. Design errors can be already detected when
only a partial implementation is at hand — e.g. due to a thistion of the implementation task to several groups of deig
Parts of the implementation, which are not yet finished, amnstiined intdBlack Boxeslf the implementation differs from the
specificatiorfor all possible substitutions of the Black Boxaslesign error is found in the current partial implementati.e.

to detect an error in the current partial implementatios itécessary to find an assignment of zeros and ones to theyprima
inputs, which produces erroneous values at the outpdependently from the final implementation of the BlackdBox

Another application oBlack Box Equivalence Checkiigthe abstraction from “difficult parts” of an implementati which
would cause a large peak size in memory consumption durimgahstruction of a canonical form for the implementation.
These “difficult parts” of the design can be put into a Black<Bmd Black Box Equivalence Checking is performed. An
exact statement about the correctness of the full impleatientis not possible, but it is still possible to find erransthe
partial implementation given to the Black Box Equivalendee€ker.

Black Box Equivalence Checkingn also be used to verify assumptions concerning the tocafierrors in implementations,



which do not fulfill their specifications: If there is some asgtion on the location of errors (produced by an automatic
error diagnosis tool or found by hand), then these regiorikeflesign are cut off and put into Black Boxes. If Black Box
Equivalence Checking gives the information that no errartm&found in the design containing Black Boxes, we can cafeclu
that the assumptions on the error location were correcgéraiise we know that there must be errors also in other regibns
the design.

The present paper deals with algorithms for equivalencelkihg of partial implementations under the assumption ¢at
combinational circuit is given as specification and alsdraplementations and Black Boxes are of combinational matur
First methods to handle this problem have been proposedtnlfd]. While these papers provide algorithms to find errors,
it is not clear which errors and how many of the potential exare detected. In this paper we present a thorough analysis
of the problem leading to several algorithms to attack thecBIBox Equivalence Checking problem. For the time being,
our algorithms rely on symbolic simulation [5] by usispDs. An implementation using SAT-engines [18] to solve the
corresponding Boolean formula seems feasible, but is refdbus of the current paper. Our algorithms need different
amounts of resources (space and time) and differ from tieeurrateness: They range from a simple algorithm using sjimbo
simulation for an approximation of the solution to an exadtison of the problem. Thereby the methods given in [14, 13]
are classified too. Approximate solutions are not able to dih@rrors in the partial implementation, but they are cctrre

in the sense that they do not report an error if there is sfibssibility to implement the Black Boxes leading to a cotrec
overall implementation. However, if we solve the Black Boguivalence Checking approximatively, the informatioratth

no error can be found, can be due to the approximative clearatthe approach and does not necessarily imply that there
is an implementation of the Black Boxes leading to a correetrall implementation. E.g. when Black Box Equivalence
Checking is used to verify assumptions on the location ofgahesrrors, it cannot be guaranteed that the informatioat, th
no error can be found, implies that the error location is ewdito the Black Boxes (since this information can be due the
approximative character of the approach). We performedragexperiments, which showed that improving the accuracy
of the algorithms indeed leads to a significant improveménhe error detection capabilities (paid with an increase of
computational resources).

The paper is structured as follows: In Section 2 we give samknpinaries. Several algorithms for the Black Box Equérate
Checking problem are presented in Section 3. In Section 4lifferent approaches are compared for numerous partial
implementations of benchmark circuits. The paper ends sathe concluding remarks and directions for further re$eiarc
Section 5.

2 Preliminaries

Let f : {0,1}™ — {0,1} be a Boolean function with inputs. As usual, for a constahite {0,1} and an input variable
z;(1 < i < n) flo;=p(21,...,20) = f(z1,..-,2i-1,b,2i11,..., z,) denotes theofactorof f with respect tar; = b.
Instead off|,,=0 and f|,,=1 we also writefz, and f,,, respectively.

Thecofactorof f with respect to a set of variables and constants is definacttively:

f

Ty =b1,eenyi, =bp = (f zilzbl,...,ziw_lzbr,l) Ti, =bn+

A cofactor f|g,=s, ....z,,=b, With respectto all input variables is calledampletecofactor.

Boolean functions can be representedemps [16, 2, 20]. In the restricted form &foBDDs they even provide canonical
representations for Boolean functions and they allow efficmanipulations [4]ROBDDs can be used to check equivalence
of Boolean functions by a simple check for equality. Sinceaeek only with ROBDDs in the following we briefly call them
BDDS.

Given a circuit representation of a Boolean functioapa for this Boolean function can be computeddyynbolic simulation
[5]. At the beginning of the symbolic simulation each inpiitte circuit is associated with a uniqgeeb variable. Then the
BDD representations of the functions computed by the gatesdfithuit are computed in topological order starting witl th
inputs. ThesDD for the function of a gate can be computed usgng operations [4, 3], when thepDs for the functions of
all its predecessor gates are already computed.
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Figure 1: Specification and partial implementation.

3 Equivalence checking and partial implementations

In this section we provide several algorithms to handle tlaeBBox Equivalence Checking. We start with a simple syritbol
simulation with respect to the 0.X,logic (Sec. 3.1). Then we successively increase the exsx{iaad the complexity) of
the algorithm leading to Bpcal checlk(Sec. 3.2.1), aputput exact checkSec. 3.2.2) and ainput exact checkSec. 3.2.3).

In particular, in Section 3.2.3 we give for the first time etactcriterion to decide for a given partial implementation and a
specification whether the partial implementation is cdroemot. Unlike previous approaches [14, 13] we can guaesitiat
there is really an extension of the partial implementatioa torrect complete implementation, if the criterion oftéet3.2.3
reports no error (and of course, vice versa, there is no sitemf the partial implementation to a complete implemgoita

if it does report an error).

As a running example for the demonstration of our algorithwmesuse the specification given in Figure 1(a). Figure 1(b)
shows a partial implementation containing two Black BoxX@garly, after a suitable implementation of the two BlackB®
the final implementation fulfills its specification.

3.1 SymbolicZ-simulation

A first algorithm for checking partial implementations isskd on the usual 0,X, simulation, which is well-known in the
area of testing [1].

To evaluate a partial implementation for some input vectoea symbolX different from 0 and 1 is introduced. The value
X means an “unknown” value due to the unknown functionalityhef Black Boxes. To simulate a partial implementation
with n primary inputs for an input vectde, ..., €,) € {0,1}"™ we assign the unknown value€ to all outputs of the Black
Boxes. If all values for the inputs of a gate arg/iy 1}, then the output of the gate is computed according to thefgattion

as usual. If some inputs of a gate are seXtahe output is equal t&X if and only if there are two different replacements of
the X values at the inputs by 0's and 1's, which lead to differeripats of the gate.

Example 3.1 For a two-inputand, gate, a two-inpubr, gate and an inverteinv this leads to the following rules:

0,if61:00r€2:0

ands(€1,€2) = 1,ifeg =ea=1 (1)
X, otherwise
1,if61 =1lores=1
ora(e1,€) = 0,ife; =€ =0 (2)
X, otherwise
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Figure 2: 0,1X simulation for partial implementations

0,ife=1
inv(e) = 1,ife=0 3)
X,ife=X

As an example Figure 2(a) shows the evaluation of the pantiplementation of Figure 1(b) with respect to input vector
(1,0,0,0,0,0,0,0). Note that the first output of the partial implementation isdependently from the functionality of the
Black Boxes.

We can take advantage of this simulation using 0, 1.&rtd detect errors in partial implementations. If the evaaraof the
partial implementation results in a value 0 (1) for some aytfhis means that the output value is 0 (1) independerdinfr
the functionality of the Black Boxes. If on the other hand $pecification produces 1 (0) for the same input vector, then w
have found an error in the partial implementation.

Figure 2(b) shows such a situation: When we compare thegpamplementation to the specification of Figure 1(a) appdyi
input vector(1,0,0,0,0,0,0,0), we see that the first output of the (partial) implementatof whereas it is 1 for the
specification. Generalizing the usual notion of a distispirig vector for designs without Black Boxes to designsaioimg
Black Boxes we can say thét, 0, 0,0, 0,0, 0, 0) is adistinguishing vectofor the specification in Figure 1(a) and the partial
implementation in Figure 2(b). Of course, only vectors vitpcoduce 0 or 1 (naX) at outputs of the partial implementation
can play a role as distinguishing vectors.

Since we do not want to simulate specification and implentiemtgor all 2" input vectors one after the other to find distin-
guishing vectors, we make use of “symbolic simulation”. sTligiads to our first method for Black Box equivalence checking
which is similar to [14]. In contrast to [14] we do not use a thib-encoding of 0, 1 an leading to a duplication of the sig-
nals of the circuit, but we use an additional variaBléo model the new valu&'. For an outpui of a partial implementation
our symbolic simulation computessaD for a functiong; with n + 1 inputsz, ... z,, Z and

1, if the (0,1 X) simulation with inpufes, . . ., €,,) producesd
Giloi=er,. .. .on=en = 0, if the (0,1,X) simulation with inpufey, . . ., €,) produce$ (4)
Z, if the (0,1.X) simulation with inpufey, .. . , €,) producesX

To computeBDDs for the functionsg; by symbolic simulation the inputs of the circuit are assterawith uniqueBDD
variables as in a conventional symbolic simulation. Allputtsignals of Black Boxes are associated with the new vigriab
Z. Now BDDs for the functions computed by the gates of the circuit aii# ioutopological order treating the Black Box
outputs (associated with variab# as inputs of the circuit. The gates of the circuit can be @ssed in a manner similar
to a conventional symbolic simulation. Since all types ofegacan be expressed using two-inputl, gates, two-input
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ory gates andnv gates, we can assume w.l.0.g. that the gates have typ&s or, or inv. When we process aind,
(or2) gate, we combine theDDs for the two predecessor functions bgap AN D (OR) operation as in the conventional
symbolic simulation. For aimwv gate we perform & OT operation on th&bD of the predecessor function, now followed
by acompose operation (see e.g. [4]) which compos&sor Z (written asg| ,, - for a composition ofZ for Z in g).

The fact that the finad DD obtained by this modified symbolic simulation fulfills prapyg(4) follows from the observation that
the initial BDDs for the primary inputs and for the Black Box outputs fulfilbperty (4) and from the following observations
3.1and 3.2.

Observation 3.1 If the functions and! computed for the predecessor gates ohan, (or2) gate fulfill property (4), then
r - [ (r + 1) fulfills property (4).

Proof: The observation fotinds gates follows from equation (1) and from

(r - Dlzr=er,ntnz=en = Tlor=er,ozn=en * Uzi=er,zn=en =
0, if r|$1:617---,wn:6n =0 Orl|z1:617---,wn:6n =0

1, if r|$1:617---,wn:6n = l|z1:617---,wn:6n =1
= Z, if r|z12617~~~7zn:fn = Zvl|z1=61,---,zn=€n =1lor

r|z1:el,...,zn:£n = lal|z1:£1,...,zn:£n =Zor

r|z12617~~~7zn:fn = Zvl|z1=61,---,zn=€n =Z

The observation fosr, gates follows in an analogous manner. a

Observation 3.2 If the functionr computed for the predecessor gate ofian gate fulfills property (4), then|,, - fulfills
property (4).

Proof: The observation follows from equation (3) and from

(F|Z<—7)|w1:617...,zn:en =

- (F|z1=€1,---,zn=€n)|Z<—Z

= (Mor=er,ozn=en)| 707

0 Lif rloymerrzn=e, =1
_ 1 i rle—e,en=e, =0
7 = Z,if rlorzer, an—en = 72

d

We call the procedure described above “symbdlisimulation”. After we have obtained functioms for all outputs of
the partial implementation by symboli¢-simulation and functiong; for all outputs of the specification by a conventional
symbolic simulation, the check whether there is a distislgig vector between specification and implementation setha
on the following lemma, whose correctness follows from thérdtions and basic boolean manipulations.

Lemma 3.1 (Z-simulation) There is no input vectofes, . . . , €,) With g;|z,=¢,,... zn=e, = 1 and fi(e1,...,€y) = Off
(9ilz=0 — fi) =1
and there is no input vectdes, . . ., €,) With g; |z, =, ...z, =, = 0and fi(e,...,e,) = Liff

(Gilz=1 = fi) = 1.

3.2 SymbolicZ;,—simulation

A disadvantage of symboliZ—simulation lies in the fact that not all errors, which aregant in a partial implementation,
can be found by the procedure described above.
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Figure 3: Motivation for local check and output exact check.

Figure 3(a) shows an example for such a situation. The pamdementation of Figure 3(a) does not fulfill the specifica

of Figure 1(a), i.e. there is no implementation for the Bl&dkes which leads to a correct overall implementation. Hawe
the approach of the previous section always comphted the output of thexzor, gate, since both inputs of theor, gate
are X. Therefore the first primary output i, if z; = 0, and 1, ifz; = 1. Since the first output of the specification is 1 as
well, if z; = 1, no error can be detected at the first output. Moreover itsy éa see that the partial implementation of the
second output is correct (replaé&Bs by anor, gate). So the method of the previous section cannot detegtranin the
partial implementation.

If we have a closer look at the partial implementation, we s that the first output does not depend on the output okBlac
Box BBj: The output of thezor, gate whose inputs are connected to the outp® Bf is 0independently from the output
of BB;. Therefore input vectof0,0,0,1,1,0,0,0) leads to outpuf0, 1) which is different from the outpufl, 1) of the
specification.

The reason why the error could not be detected/bgimulation lies in the fact that the valu&sat the inputs of thezor,
gate are not accurately processed: The simplpropagation does not take into account thattheénformation comes from
the same output of the Black BaXB; (resulting in valud) at the output).

To consider the origin oK —informations it is not enough to introduce one variaBléor all Black Box outputs. Instead of
that we introducelifferent variablesZ; for each Black Box output After the inputs of the circuit have been associated with
uniqueBDD variables a (conventional) symbolic simulation is perfednThe result for primary outpytof the circuit is a
functiong; which depends on the primary input variabigs. . ., z,, and thel variablesZy, . . ., Z; for thel outputs of Black
Boxes.

Example 3.2 Symbolic simulation with output variablég for BB; and Z, for BB, in Figure 3(a) results iny; = z; for
output 1 andys = Tg - (24 - =5) + x5 - Z for output 2.

3.2.1 Local check

As in the case of/—simulation we considerompletecofactors of implementation and specification with respeatl primary
input variables. If a complete cofactor of some output function of the péitigplementation is 0 (1), this means that
the output value is 0 (1) independently from the functiayadf the Black Boxes. If for the same output function of the
specification this cofactor is 1 (0), then we have found aorérr the partial implementation. The only difference ofsthi
method compared tg—simulation is the fact that the effect of the unknown valaiethe outputs of Black Boxes is evaluated

IHere we call a cofactor complete, if it is a cofactor with resito allprimary input variables.
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more accurately.

A check whether there is such a distinguishing vector foraput; of partial implementation and specification can be done
according to the following lemma. The check according tdé¢imema is called “local check”, since the check is done foheac
output separately.

Lemma 3.2 (local check)Let g; be the function of outpytafter symbolicZ;—simulation for a partial implementation with

primary inputsz+, ..., z, and! outputs of Black Boxes with corresponding variabfgs. .., Z;. Let f; be outputj of a
specification with primary inputsy, . .., z,.
There is no input vectdfes, . . ., €n) With gj]z,=¢; ...z, =, = L @nd f;(e1,...,e,) = Off

((VZl . VZ[ gj) — f]) =1
and there is no input vectde:, .. ., €5) With g, =1 ,... .z, =, = 0andfj(er,...,e,) = 1iff

(YZ1..YZi55) = F;) = 1.

Again, the correctness of the lemma follows from definitiand basic boolean manipulations:
Proof: We prove only the first part of the lemma, the second part cgrineed in an analogous manner.

‘=" Supposetha((VZ:...VZ; g;) — f;) # 1, 1.e. thereigey,...,e,) with (VZ1...VZ; g;) — fj)(e1,...,€en) = 0.
Then
(VZl . VZ[ gj)(El, .. .,Gn) =1

and
Filerseeeyen) = 0.
Since(VZ;...VZ; g;)(e1,...,€,) = 1implies that for all assignments, . .., §;) to the variable<, .. ., Z

gj(ela"'76n7517"'751) = ]-7
we haveg; |z, =, ...,z =, = 1, Which proves the if— part of the statement.

‘=" Suppose thai(VZ:...YZ; g;) — f;) = 1. Then we have to consider two cases for an arbittaty. .., ey) €
{0,1}™
Case 1:(VZ:1...YZ; g;)(e1,...,€,) = 0.
Then there is an assignme(idt, . . ., §;) to the variable<Zy, ..., Z; with g;(e1, ..., €,, 61,...,8;) = 0 and thus
gj|z1:el,...,zn:en 7é 1.
Case 2:(VZ:1...YZ; gj)(e1,...,€,) = L.

Then we can concludg(eg, ..., €,) = 1.
Gilzi=er,.zn=e, = landfj(er,...,e,) = 0is trivially false.

3.2.2 Output exact check

The local check of the previous section basedZgrsimulation is more exact thati-simulation (see Fig. 3(a)). However
implications between different outputs are not taken irtmoaint. We obtain an even more accurate check, if we use a more
“global” viewpoint.

This is illustrated by Figure 3(b). For the first output théygmossibility to fulfill the specification of Figure 1(a) is teplace

BB; by the functionz, - 5. However for the second output the only possibility to fulfile specification is to replace
BB by Ty - z5. This implies that the partial implementation of Figure)3gbincorrect. In spite of that, the error cannot be
detected by the “local check” of the previous section, sihisedone for each output separately.
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To detect errors of this type we have to compute “local comai’ for each output, which guarantee correctness foritigdes
outputs, and then, we have to combine the local conditionkéak, if these local conditions can be fulfilled at the same t
for all outputs.

The local conditions are computed based on the followingsittamations: To obtain a correct implementation, for each
primary outputj and each assignmefd, . . ., €,,) to the primary inputs an assignmént, . .., §;) to the Black Box outputs
has to be chosen such that

gj(ela"'venvéla"'a(sl) and fj(617"'76n)

are identical, i.e. such that
[(gj)|1'1=f1’m,1'nzfn = (fj)|z1:EI7~~~7zn:fn](5l7 vy 51) =1L

The relation between input assignmefis, . . ., €,) and assignmentdy, ..., d;) to the outputs of Black Boxes, which are
necessary to fulfill the specification, can be expresseddyghiaracteristic function

condj(€ry ...y €n,01y...,01) = \V 2 2 [(0) lermernmnmen = (F)|rmer.. . anmen]-
(517“'v€ﬂ)6{0v1}n
The characteristic functiotond; equalsl for argumentes, ..., €, d1,...,6;), ifand only if g;(e1, ..., €n, 01, ..., d;) and
fi(e,...,€e,) areidentical, i.e. if and only if an assignment(éf, . .., §;) to the Black Box outputs for inpuks, .. ., €,)

leads to a correct output of the implementation for this ey, . . . , €,).
The expression fofond; can be rewritten as

cond; = AV R N (7= 1) | Fe—
(517“'v€ﬂ)6{071}n

and thus it holds that
cond;j = (g; = f;)
andcond; can be computed using oB®D operation forg; and f;.
For a correct partial implementation all conditioasnd;, ..., cond,, have to be true. If there is an input assignment
(€1,...,€pn) such that for all assignments, ..., d;) to the Black Box outputs at least one conditiamd; is false, then

it is clear that the partial implementation cannot be usebtain a correct final implementation. This leads us to a newe
accurate check, which we call “output exact”.

Lemma 3.3 (output exact check)If

3oy ... 3,720 ...VZ \[ cond; =1
j=1
then the partial implementation does not fulfill its speaiiicn.

Example 3.3 Consider the partial implementation of Figure 3(b) and tpedfication of Figure 1(a). For inpy®0, 0,0, 1,1,
0,0,0), output 1 of the implementation equals output 1 of the spatifin only if the Black Box output isfor this input.
This impliescond, (0,0,0, 1,1,0,0,0,4;) = 1 only if §; = 1. However, for input0,0,0, 1, 1,0,0,0) output 2 of the
implementation equals output 2 only if the Black Box outpdfor this input. This impliesond»(0,0,0,1,1,0,0,0,6;) =1
only if 5 = 0. There is no assignment 8, such that botkond; (0,0,0,1,1,0,0,0,d;) andcond»(0,0,0,1,1,0, 0,0, ;)
are equal tol and therefore the “output exact” check reports an error.

Note that our “output exact” check reports an error in eyettk same cases as the check of [13]. However it is computed in
a different way and does not need a representation of thelbeacuit as a Boolean relation.

Itis also easy to see that there is no error in the partialémeintation (i.e. we can replace the Black Boxes to obtaimracio
final implementation), if our check reports no error avelare allowed to use all primary inputs as inputs of the Blaokes
The check reports no error iff

m
Vei...Vo,37,...37 /\ cond; =1,

j=1
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Figure 4: Motivation for input exact check

i.e. iff for each assignmertt,...,¢,) to the primary inputs there exists an assignmén}. . .,¢;) to the Black Box out-
puts, such the conditiorend; for all outputs; are true, which means thaf(ex, ..., €n, 61,...,6;) and f;(er,...,e,) are
identical for all1 < j < m. Thus we can choose these valdes . ., é; to define the function values for Black Box outputs
1,...,lunderinpuf(e,...,€,).

3.2.3 Input exact check

The output exact check is able to find all errors which areaalyepresent in the partial implementation only if we assume
that all primary inputs are also inputs of the Black Boxest fRis is not a realistic assumption. If we have fixed sets piitn
signals for the Black Boxes (which may be different from alhgary inputs), it is possible that the output exact checksdo
not find all errors.

Figure 4 shows such a case. It shows a partial implementdtothe specification of Figure 1(a)) with one Black BBS; .
If the Black Box is replaced bys - (zs + z7) implementation and specification are equivalent. Howevwerinputs of the
Black Box are onlyrg andz;.

e Output 2 of the specification is O far; = z5 = 0, z¢ = 27 = 1 andzg = 0. ThereforeBB; has to be 0 under this
input, since output 2 of the implementation is 1, if the otipiuB B, is 1.

e Output 2 of the specificationis 1 far; = z5 = 0, z¢ = 27 = 1 andzg = 1. ThereforeBB; has to be 1 under this
input, since output 2 of the implementation would be 0 othsew

We can conclude that there is no correct implementation58; which does not depend on inpug and so the partial
implementation is incorrect.

Now we have to define a check which also reflects this problemthis check we use (among others) the condition
cond = /\ cond;
j=1

of the section beforecond can be interpreted as the characteristic function of a Bookelation between assignments
(é1,...,€,) to the primary input variables and assignmets. . . , §;) to the outputs of the Black Boxes:

cond(€1y ...y €ny01,...,0) =1

if and only if (61, ..., d;) is a “legal assignment” to the outputs of the Black Boxes fimpry input vector(ey, . . ., €,), i.€.
if and only if all output values of the partial implementatiwith (e, .. ., €,) assigned to the primary inputs atd, . .., d;)
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assigned to the Black Box outputs are identical to the cpaeding output values of the specification for assignment
(€1, ..., €,) to the primary inputs.

Now we have to take into account that the inputs of Black Baegsbe internal signals of the partial implementation artd no
all primary inputs are connected to the Black Box inputs.hi@ following we assume that we hak@®lack BoxesBB; to

BBy, which can have several outputs and inputs. The input sigii@iack Box B B; are connected to variablég,, . . ., i;,;
and the output signals are connected to variabjgs. .., 0 p, (U;’.Zl{oj,l, ors 0jp.} = {Z1,...,Z;}). To simplify the
notations we abbreviate,...,i;;, by I}, 051,...,0;,, by O; and the primary input variables, . .., z,, by X. Moreover

VI; means?ij; ...Vij;, andvO; meansvo;; ...Yo; . (accordingly ford).

We assume that the Black BoxB®; to BB, are topologically ordered, i.& B, is the first Black Box in topological order,
BB, the last Black Box. Consider the Boolean functions which pate the assignments of the Black Box inputs. For
Black Box BB, there ard; such functions:? . . hf Because of the topological order of the Black Boxés, . . hf can
depend (at most) on prlmarylnputvarlablféand the outputvariable®,,...,0;_, of BBy,...,BB;_;. The charactensUc
function of the Boolean relation fdt/, . . ., hfj is computed by

H]'(X,Ol,... j— 1, /\ ’L]k_h X 01, . 0]'_1)).

Based oncond(X, 04, ...,0;), which is a Boolean relation between primary input assigmsiand output assignments
of Black Boxes, we compute the characteristic function of@lBan relatiorcond' (I, ..., I, 01, ..., O) between input
assignments of Black Boxes and output assignments of Blagke8cond' is defined as

cond' (I, ..., Iy, 01, ...,04) = ¥X (Hl(X,Il) 4. 4+ Hy(X, 01,00 1,1p) + cond(X, O, .. .,o,,)) :
cond' computes 1 for an assignmept, .. ., 1, w1, - - . ,wp) t0 the Black Box inputs and outputs iff for all assignmegits
the primary inputs

e &and(ty,...,w,wi,...,wp) lead to a signal assignment, which is not consistent wittcitoiit of the partial imple-
mentation (this is checked by the péft (X, I;) + ... + Hy(X, O1,...,0p_1, I;) of the formula above)

or

e (wi,...,wp)is a‘legal output” of the Black Boxes under inpfti.e. £ and(ws, . . ., wp) result in correct values at the
primary outputs of the partial implementation (this is dketby the paréond(X, O4, ..., O;) of the formula above).

l.e. for cond'(t1,. .., Ly, w1,...,wp) to be 1,(wy,...,ws) has to be a “legal output” of the Black Boxes under ingut
wheneveg and(q, ..., w,ws,...,ws) lead to a signal assignment, which is consistent with theutiof the partial imple-
mentation.

It can be shown that there is a replacement of the Black B&®s, . . ., BB, by totally specified Boolean functions with
input variabledly, .. ., I, respectively, leading to a correct overall implementaifcand only if there is a appropriate de-

composition okond' into b Boolean relations:

Theorem 3.1 (input exact check)Let f, ..., f,, be Boolean functions with input variables, ..., z,, which is used as
a specification for a partial implementation with input aiesz, ..., z, andb Black BoxesBB, ..., BB,. The input
variables of BB; are I;, the output variable®);, the characteristic functiosond'(I1, ..., I, O1, ..., Op) is defined as
shown above. Then there is a replacemenB®, .. ., BB, by completely specified Boolean functions with input vdeisb
I,..., I, respectively, leading to a correct overall implementatiband only ifcond’ can be decomposed ingg (I, O;),
such that
vI;30,x;(1;,0;) = 1land (5)
b
cond > /\ Xj- (6)
j=1
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The proof of Theorem 3.1 can be found in Appendix A.
Theorem 3.1 gives us a necessary and sufficient conditiahéozorrectness of the partial implementation.

However, we can show using a non-trivial reduction from 38#t for a numbeb > 2 of Black Boxes the check of Theorem
3.1isN P-complete, even if the characteristic functionfond’ in Theorem 3.1 is given as a function table, which is already
exponential in the number of inputs and outputs of the Blacke3.

More precisely, the check of Theorem 3.1 solves the prolitemation Decomposition (RD)which is defined as follows:

Given: Thefunction tableof the characteristic functiog(Is,..., I;,01,...,0;) of a Boolean relationy has input vari-
ablesU?zl({Ij} U{0;}), whereforalll < j <b{I;} and{O;} are finite, non-empty sets of input variables, which
are pairwise disjoint.

Find: Is it possible to decomposeginto x;(I;,0;) (1 < j < b), such that

b
VI30;x;(1;,0;) =1 and x> A\ x;-

j=1
An instance oRD is called solvable, if there is a decomposition with the isggliproperties.

Theorem 3.2 The problenRD is N P—-complete.

Proof: See Appendix B. a

Because of this complexity result we use for practical agpion a modified check which is

e exactforb = 1 (one Black Box) and

e an approximation fob > 2 (more than one Black Box).

Our new check, which reflects that the inputs of the Black Bate not necessarily equal to all primary input signalsymsp
no error, if

VI,30,Y1,30; .. . V1,30, cond' =1 @)

The following theorem holds:

Theorem 3.3 The check of equation (7) is exact (in the sense that in fiddsraks in the partial implementation), if = 1,
i.e. if there is only one Black Box in the partial implemeittat

Proof: The proof follows directly from the fact, that fér= 1 the checks of equation (7) and of Theorem 3.1 are the same,
if we choosey; := cond’ (the truth of part (6) is then trivial). a

In the general case, when more than one Black Box is presenthieck of equation 7 is not exact, i.e. it is not equivalent t
the check of Theorem 31but we can formally prove that it is at least as good as ourdyesck so far (see Section 3.2.2).
In Section 4 we present experiments to demonstrate thatally betteralso for examples with several Black Boxes.

It remains to prove that the check of equation 7 is at leasbasl @s the “output exact” check from Section 3.2.2, also for
instances with more than one Black Box:

Theorem 3.4 Letcond(X, O, ...,0p) andcond'(I1,...,I;,01, ..., 0) be as defined above.
VI,30,V1,30, ... YI,30 cond' =1 = VX304,...,0pcond =1

Proof: See Appendix C. m|

2If it would be equivalent to the check of Theorem 3.1, it costdve RD in polynomial time, when it was applied to a function tablpresentation of
cond'.
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circuit || in|out|| #noded detected errors #nodes implementatigh ~ peak during check run time

spec. r.p.| Z| loc.| oe| ie Z| loc., oe| ie Z|loc.| oe| ie r.p.| Z| loc.| oe| ie
alu4 14| 8 389|| 90%| 95%| 95%| 96%| 96%)|| 458 455 490|| 86| 88 96 159(|1.17/0.06/0.06| 0.06] 0.06
apex7 |(49| 37 314||92%| 97%]| 97%| 98%]| 98%|| 256 258 263|| 38| 41 132 132({0.41/0.08/0.08| 0.08 0.08
C17 5| 2 8| 84%| 88%| 88%| 88%| 96% 6 6 8|l 5 6 6 7]/0.02/0.01{0.01] 0.01] 0.01
C432 ||36| 7|| 1211{|50%]|62%]|65%]|68%|80%|| 796| 3705 3725||123|257| 5779 38411}|3.22/0.13|1.77| 0.42] 0.99
C499 ||41| 32|| 25866(|26%]|59%]| 59%]| 69%]| 80%||4377| 12700 12672||487|496| 28562 39142||6.294.46|5.54| 7.19| 7.76
C880 ||60| 26|| 4870|| 78%]|87%]| 91%]|92%]|92%|(|2956| 5600, 5553(|247|658|105919116561|3.84/0.75[1.6237.94{49.16|
comp (|32 3 137|| 27%]| 63%]| 65%]| 67%]| 90%|| 82 90 111)| 39| 41 105 124(|1.57/0.04/0.04] 0.04| 0.04
terml |(|34| 10 81(|92%| 95%)]| 95%| 95%| 95%|| 97 97 108|| 31| 32 34 69||1.44/0.07|0.07| 0.07| 0.07

[averags] |[63%] 81%] 82%] 84%] 91%)| |

Table 1: 10% of the gates included in one Black Box

circuit || in|out|| #nodeg detected errors #nodes implementatigp peak during check run time

spec.|| r.p.| Z|loc.| oe| ie Z|loc., oe| ie|| Z|loc.| oe| ie||r.p.| Z| loc.| oe| ie
alu4 14| 8 389|| 75%| 81%| 81%| 84%| 90%|| 393| 68005 52619| 71| 84821289 800302|2.26|0.04{462.34341.04129.35
apex7 |[49| 37 314 92%| 97%| 97%| 98%| 98%|| 284 282 287|| 38| 42 128 127(|0.41)0.06) 0.06] 0.06/ 0.06
C17 5| 2 8| 59%| 88%| 88%| 88%| 98% 6 6 8| 4 6 8 8//0.07/0.01] 0.01] 0.01 0.01
C432 ||36] 7| 1211)|47%|60%]|65%]|70%|80%|| 579| 7186/ 7034|| 84|390| 12094 603833|3.03/0.40| 3.67| 0.94 29.27
C499 |[41] 32|| 25866|| 13%]| 38%(40%| 62%| 66%)]|3125] 14495 14530/298| 330 39552/1224344|6.39/2.99| 3.61| 4.92/129.98
C880 ||60| 26| 4870| 78%]|87%](91%| 92%|92%]|(2941] 5557 5527||246|661|108383 121487|3.84{0.47| 0.95 25.14 32.08
comp ([32] 3 137|[ 29%| 64%| 66%| 68%| 88%]|| 79 91 109|| 36| 38 95 135(|1.51/0.03] 0.03] 0.03] 0.04
terml [|34| 10 81| 92%| 96%]| 96%| 96%)]| 96%|| 99 102 106|| 30| 32 34 44(]11.39/0.04] 0.05/ 0.05 0.05

[averagd] || 61%] 76%] 78%] 82%] 89%]] |

Table 2: 40% of the gates included in one Black Box

4 Experimental results

To evaluate the different equivalence checks for partigdlémentations we implemented the described procedurag usi
CUDD 2.3.0 [22] as the underlyingDD package. Dynamic reordering [21] was activated during xglleeiments. The
experiments were performed on a Pentiumlll PC with 550 MH&BLmemory, running Linux 6.3.

For our experiments we generated partial implementatimr benchmark circuits: For each benchmark circuit a aertai
fraction of the gates was included in Black Boxes. In a firgtezknent we included 10% of the gates in one Black Box (with
several outputs). All reported results are an average offérelt random selections of Black Boxes.

Then we inserted errors into the partial implementations:ravidomly selected a gate, which did not belong to a Black Box
and inserted an error. The error type was also selected magd@tween several choices: We added/removed an inverter f
an input or output signal of the gate, changed the type of éite @nd- to ors or ors to ands) or removed an input line from
anand or or gate. Then we applied our check to detect errors in the part@ementation. Note that an error is reported
only if there is no implementation for the Black Boxes suchtttihe resulting circuit fulfills its specification. (The ginal
benchmark circuit is used as the specification.) Each exyeti was repeated for 100 error insertions.

In Table 1 we give the results for the first experiment, whebb b the gates were included in one Black Box. In column 1 the
name of the benchmark is given, in columns 2 and 3 the numhkapats and outputs of the benchmark are given. Column
4 shows the number &DD nodes needed to represent the specifying benchmark cilowblumns 5-9 the error detection
ratio for 100 error insertions (per black box selectionpgdifferent equivalence checks is reported. For compa@@umn

5 (“r.p.”) shows the result of @, 1, X -based non symbolic simulation with 5000 random patterredui@n 6 (“Z") shows

the error detection ratio for symbolié—simulation, column 7 (oc.”) for symbolic Z;—simulation with local equivalence
check (see Section 3.2.1), column 8d”) for symbolic Z;—simulation with the “output exact” check of Section 3.2rftla
column 9 (e for symbolic Z;—simulation with the “input exact” check of Section 3.2.3otBI that in this experiment the
check of Section 3.2.3 is exact, since there is only one BBk, i.e., in all cases, when this check does not report any
error, there really exists an implementation, which can pensate the error insertion. The following columns ingidae
resources needed to achieve the results. Columns 10-1thgiveimbers oBDD nodes which are needed to represent the
implementation. Columns 13-16 show the maximum numberditiadal BDD nodes, which are needed the perform the four
different checks which are based on symbolic simulationd Anally, columns 17-21 show the run times in CPU seconds
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circuit || in|out|| #nodeg detected errors #nodes implementatigh peak during check run time

spec. r.p.| Z| loc.| oe| ie Z|loc.,oe| ie Z|loc.| oe| ie r.p.| Z| loc.| oe| ie
alud 14| 8 389|| 50%| 92%] 92%| 94%]| 94%|| 346 372 548|| 83| 85 103 419|4.93/0.08/0.08 0.08) 0.10
apex7 ||49| 37 314||88%| 96%]| 96%| 98%]| 98%|| 235 232 249|| 28| 37 220 720(/0.53{0.10/0.09] 0.11] 0.12
C17 5| 2 8| 84%| 88%| 88%| 88%| 96% 6 6 71l 5/ 6 6 7]/0.03/0.02{0.02] 0.02] 0.02
C432 |[|36] 7|| 1211|34%]|54%]|66%]|72%|87%|| 417| 5675  6065(|104| 463 6577 28471|4.47/0.18/1.39] 0.61] 1.40
C499 [|41] 32|| 25866|| 20%| 44%]| 46%| 58%] 75%||1858| 8443 9246|199 207| 190168 534687|6.75/3.23/4.40 41.82 68.52
C880 [|60] 26|| 4870||61%]| 75%]| 80%]|82%]| 88%||1276/ 3851 4055||207|444|12498991521876|6.16/1.22/1.10{1140.111369.16
comp [|32| 3 137|| 10%)]| 43%]| 54%]| 57%]| 83%|| 46 89 125|| 29| 35 170 209|(2.10{0.04{0.04f 0.04] 0.05
terml |[|34| 10 81|| 74%| 87%)]| 88%| 88%)]| 92%|| 139 144 184|| 33| 43 241| 291037|2.76{0.04/0.15 0.15 8.48

[averagd] [[53%] 72%] 76%] 80%] 89%| |

Table 3: 10% of the gates included in five Black Boxes

for the random pattern simulation and the four symbolic &erespectively.

Note that the error detection ratios for symbdliesimulation are equal to the error detection ratios of apgind14]. Al-
though our implementation differs (usitffy-simulation instead of signal duplication and conventieganbolic simulation),
errors are reported in the same cases. Similarly, the eatecton ratios for the output exact check (colurar™ are the
same as in [13], although the implementation is different jmplementation does not need a representation of theatver
circuit as a Boolean relation, e.g.).

As a first result we can notice thitte 0, 1, X -based simulation with 5000 random patterns cannot compitkethe symbolic
methods The detection ratios are considerably smaller than for®fim Z—simulation (see columns 5 and 6) while the run
times are larger (columns 17 and 18). For the other methodsaweeally observe aimproved error detection accuracy
from method to methogtolumns 6-9): With the exception ¢drm1, which obviously is easy for Black Box Equivalence
Checking, all other examples profit from a more sophistitateeck in the sense that more, sometimes significantly more
errors are detected. In particular, we observe ttiaapplication of the input exact check leads to a consioleramprovement
compared to the output exact check in many cases (see e.g, €2199) The average numbers given in the last line of the
tables underline our observations made before

The experiments also show that the resources needed tampexfcheck increase with its accuracy. Especially for theatut
and input exact check the improved accuracy has to be paid bhyceeased memory consumption and by larger run times.
However memory consumption and run times remain in a reddemange. The equivalence check needs at most a few
seconds in the worst case.

In a second experiment we varied our method to generateapmniplementations: the number of gates to be included in a
Black Box was changed from 10% to 40%. The results are givéalite 2. We can observe that the improvementin accuracy
for the more exact checks compared to the less exact cheskghtly larger in this scenario. E.g. f@499the input exact
check beatZ—simulation in 28% of the cases compared to 21% in the firstex@nt. Memory consumption and run times
stay about in the same range.

In a third experiment we varied the generation of partiallanpentations of our first experiment to obtain 5 differeradX
Boxes instead of one. Results are given in Table 3. Memorgumiption and run times are about in the same range compared
to the first two experiments with exception of circ@i880where time and memory consumption for output and input exact
checks increase (about 22 minutes for the input exact cheelgwever the comparison of error detection ratios shows an
interesting resultAlthough the input exact check in this case is not exact, tivaatage of the input exact check compared
to the other checks in this case is even larfympare e.g. the line giving the average values in the $ab¥his obviously
demonstrates the power of our heuristics.

Taken together, the high number of error detections fonatitsolic checks (even for simplg—simulation) demonstrates the
validity of the concept of checking partial implementas@iready at a stage of the design process where a significditrp
of the design has still to be performed.

3Since in this case of one Black Box the input exact check istesa average di1% detected errors means, that for the remaining 9% of the cases
circuit modification described above did not really insertesror into the partial implementation, i.e. an impleméatafor the Black Box can be found,
such that the overall implementation fulfills its specificat

4This is due to a peak memory consumption during quantifinatid out of 5 different random selections of Black Boxes.
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5 Conclusions and future work

Experimental results showed that improving the accuracthefalgorithms for Black Box Equivalence Checking indeed
leads to a significant improvement of the error detectiorabdjies. We have defined a series of different algorithnitb w
increasing accuracy and increasing consumption of cortipntd resources. This suggests to use these algorithmseagea

of more and more exact methods to detect errors in partidkim@ntations: first use, 1, X—based simulation with only a
few random patterns, then symboHe-simulation,Z;—simulation with local check, with output exact check analfinwith
input exact check.

In the future we plan to compare oabD based implementation of the different checks to a versiamguSAT—engines.
Another interesting question is how the methods can be dgtéto verify also sequential circuits containing Black Bsex

A Proof of Theorem 3.1

Proof:

‘<=": We can assume w.l.0.g. that for alj € {0, 1}!i there isexactlyonew; € {0, 1}?i such thaty;(¢;,w;) = 1. (If this
is not the case we can chooggwith this property and conditions (5) and (6) are valid fgr

n n
VI;30;x)(I;,05) = 1 andcond' > /\ Xj > /\ Xj-
j=1 j=1

V1 < j < bwe define the completely specified Boolean functibp: {0, 1} — {0,1}?/ to replaceBB; as

bbj(l,j,l,...,l,j,lj) = (wj’l,...,wj,p].) R Xj(l,j’l,...,Lj,lj,wj,l,...,wj,p].) =1

(V(L]',l, R l’j,lj) € {0, 1}lj).

We prove that a replacement of all Black BoxB#3; by bb; leads to an overall circuit which fulfills the specifica-
tion. Assume that this is false, i.e. there is an assignrfeatthe input variables for which the output of the partial
implementation after replacement of the Black Boxes is firex.

Foralll < j <blet.; € {0,1}! be the input vector of Black BoR B; (now replaced byb;!) andw; € {0, 1}/ the
output vector, which is obtained by simulation, when thistee¢ is applied to the inputs.

Since the output fof is incorrect,
cond(&,wiy ..., wp) = 0.

Sincebbj(bj) = Wwj
b
A xi(t,w)) =1
j=1

and because of condition (6)
cond' (L1, .-y Ly, W1, ---,wp) = 1.

Sincecond (&, wi, - . .,wy) = 0, butcond’ (1, - - ., tp, w1, - .., wp) = 1 we can conclude from the definition ednd’

Hl(f,Ll) =0V... \/Hb(f,wl,...,wb_l,Lb) =0.

But this would mean, that, ¢4, ..., , w1, - ..,w, are an inconsistent assignment to the signals of the impitatien
which contradicts the fact that, . . ., ¢, w1, . .., w, were determined by simulation of the implementation withun
£

‘=" We assume that there is a replacementiB; by completely specified Boolean functiobés;, which leads to a
correct implementation, and we have to prove thaid’ can be decomposed into characteristic functignéulfilling
conditions (5) and (6).
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DefineV(Lj,l, ceey Lj’l].) S {0, l}lj, (wj’l, - ,wj’pj) S {0, l}pj
Xj([,]'71,...,Lj7l].,(4}j’1,.-.,w]"p]-) =1 = bbj(L]'71,...,Lj,lj) Z(Wj’l,...,w]'7pj).

Sincebb; is a completely specified Boolean functignis well defined an&/1;30;x;(1;,0,) = 1.
It remains to prove that

b
/\ x;j < cond'.
j=1
Let us assume that this is false, i.e. thergis. . ., tp, w1, . .., wy) With
cond' (Lyy ... ty,wi,y...,wp) =0,

but
Xj(Lj,w]') =1Vl S ] S b.

cond'(t1,. .., tp,wi,...,wp) = 0implies that there i§ € {0, 1}" with
H1(§7 Ll) =1A... /\Hb(gawla"'awb—la['b) =1 (*)
and
cond(§,wi, .. .,wp) = 0. (**)
X;(tj,w;) = 1implies
bb;(15) = wj. (%)

From (*) and (***) we can conclude that, ..., s, wi,..., wp are correct assignments to the Black Box inputs and
outputs, which are obtained by simulation of the implemgmtaunder primary inpug. Since the replacement of Black
BoxesBB; by bb; leads to a correct implementation

cond(§,wiy. .. wp) =1

must be true, but this contradicts (**), such that our asgionpthat condition (6) is false, cannot be true.

B Proof of Theorem 3.2

Proof: We can easily conclude th&D is in NP from the fact that after guessing af;, ..., xs it can be verified in
polynomial time, ifx1, . .., x fulfill the required conditions.

The proof, thaRP is N P—hard, follows by a polynomial time transformation from tNé>—complete problem 3SAT.

Let an instancd = (U, C) of 3SAT be given byU' = {uo, ..., up—1} andC = {co,...,cm—1}, Where the elements &f
are variables and the elementgdfire clauses over the variable §etith three elements.

The proof proceeds in 2 steps:

In a first step we construct a graphy in polynomial time.G; has a MAXIMUM INDEPENDENT SET (MIS) of sizd(},
if and only if there is a satisfying assignment fo¢see also [11]).

In a second step for this graph an instancBDfis constructed also in polynomial time which is solvablenfl only if there
is a MIS of sizeK in Gy.

Step I: For each variable; € U G has a “truth assignment componeff{’ = (V;, E;) with V; = {ULO],UE]} andE; =
{uEO], ugl]}. No INDEPENDENT SET (IS) contains botk{o] andugl] (corresponding to the fact that cannot be set

both 0 and 1).
15
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Figure 5: lllustration for steps | and Il in the proof of Thear 3.2.

For each clause; € C there is a “satisfiability check componeiftf = (V, E7), which consists of three nodes, which
form a clique:

v/ = {al,a?,dy
B = {{d", a1}, {d],al}, (a1, al}y

Thus, each IS contains at most one of the three nod&f;.of

Additionally there are “communication edges”, which regmet the actual information of the clause sets:

For each clause; € C' the communication edges connect nodes of the “satisfialiieck componentS; and nodes
of setsV;, which represent literals: Let; consist of three literala’, ué” andu: (4, €r,€s € {0,1}). Then the
communication edges, which start frasp are given by

— (] yles ey gl e
By = {{a]"),ulfd}, {al”, ul1}, (o, ul 1}y,

The graph=; = (V1, E;) is obtained by
k—1 m—1
vi = (UwuUv)
i=0 §=0
k—1 m—1 m—1
B = (JE)u(J E)u( E)
=0 7=0 7=0

The constanK; is settoK; = k + m.
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In Figure 5 the construction @f; is illustrated for the clause set

{{U'O’ Ul,u_g}, {U_O, u_la ’U,_3}, {u_la Uz, U3}, {u_Oa UQ,U_:;}}.

The “truth assignment components, . .., T3 are given on the left hand side of the matrix (which is neededtep
I1) and the three-cliquesy, . . . S3 for the four clauses are given on top of the matrix. The syttggdy, ..., 73 and
So, - .. S3 are connected by “communication edges” according to therimétion given by the clause&’; is equal to
8. The clause set is satisfiable by the truth assignm{ep) = 1, t(u1) = 0, t(uz) = 1 andt(us) = 0 andG has an
MIS of size K; = 8. Nodes of the MIS are drawn in black.

It remains to prove that’ is satisfiable, if and only i&7; has a MIS of size(;.

= Suppose there is a [ s of size K; = k + m. There cannot be a larger IS, since b@trand.S; are complete
graphs, thud/;s is a MIS.

Because of(; = k 4+ m for eachT}; exactly one node belongs G s and for eactf; exactly one node belongs
to V5. The truth assignment: U — {0, 1}, which satisfies”, is easily defined by(u;) = 1, if and only if

ugl] ¢ V]S.
Consider a node of S;, which belongs td’;s and the nodeh[f"] of T;, which is connected to it, then it holds

uge"] ¢ Vis and thust(u,) = €. Soc; is true under truth assignment Since this consideration is true for all
¢; € C, Cisin fact satisfiable.

<=: Suppos&’ is satisfiable by a truth assignmeniWe construct an 1¥; s of size K; = k + m in the following

way: For0 < i < k— 1: If ¢(u;) = 1, then includeu!”! into V75, otherwise include! into V5. For each

0 < j < m — 1 choose a literalig® of c;, for which¢(u,) = ¢,. Because ot(u,) = ¢, u,[F] is in Vs and

[E"] not. Therefore the node of .S;, which is connected tu[ al , can be included intd;s. In total we have
|V15| =k +m andVjg is an MIS.

Step II: Now based orG; an instance oRD is constructed. W.l.o.g. it can be assumed, that the instamé the 3SAT
problem hag: = 2! variables andn = 2 clauses. If this is not the case, it is possible to add dutiegconstruction
of Gy 2M°8(®)1 _ k new variables and*s(™)1 — m copies ofS,,_; with communication edges to the same nodes as
for S,,_1. The new instance has an MIS of si&g = 2/°8(*)1  2fles(m)] 'if and only if the originating instance has
a MIS of sizek + m.

x Is constructed as follows:

I, consists of input variables(, consists of one input variable.
I, consists op input variables(, consists of two input variables.
x depends on variablds, Oy, I, O-.

Letsy € {0, 1}l,w1 € {0, 1},L2 € {0, 1}p’ wa € {0, 1}2.

0 if W = (0, 0)
X(t1, w1, 02,w2) = ¢ 0 f {ugni]“),alﬁff([:i”} € Ebr.

1 otherwise.

Again step Il is illustrated by Figure 5. The function tabfdunctiony in this example is given by a matrix containing
entries 0 and 1. A communication edge, which is responsdrl@ zero in the table, is drawn in such a way that the
zero lies on the corresponding edge. The remaining zerdhéaassignmen(, 0) to (02,1, 02 2) are enclosed in gray
shaded boxes. The function table fgr is shown on the left hand side, the function tableferis shown on the top.

If a matrix entry is 0, the function value gf;, which is connected to it by a horizontal line, has to e the function
value ofy», which is connected to it by a vertical line, has to be 0, sipcandy, must fulfill x > x - x2. To fulfill
VI;30:1 x1 = 1 andVI>30- x» = 1, in each of the blocks shown in Figured and . must have at least one entry
1. Note that in this example there is a suitable choicedfoandy. and the 1's correspond to nodes of the MIS drawn
in black.

We have to prove, that the characteristic funciioran be decomposed intq (i1, 01) andxs(is, 02) (with the required
properties), if and only it¥; has a MIS of size(; = 2! + 27.
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=: Suppose thereis a G s of size K; = 2! + 2P. Now x; andy, with the required properties are constructed.

Let
1 it e v,
L1, W = int(t1)
xa i, w1) { 0 otherwise.
Xa(t2,w2) = 1if lZ;t(::)z)] € Vis.
0 otherwise.

To show thaty > x; - x2, we have to prove, that for al] € {0, 1}, w; € {0,1}, 1> € {0,1}?,ws € {0,1}2
X(t1,w1,t2,w2) =0 = x1(t1,w1) =00rx2(t2,ws) =0

We differentiate between the two cases for whidby , w1, t2, ws) can bed:

Case l:ws = (0,0).
This impliesyaz(t2,ws) = 0.

Case 2:{ul“] | o) ¢ g

int(e1)? int(L2)
W1]

oty & Vis oral i ¢ Vis.

int(e

This impliesu,

Howeveru[wi]( " ¢ Vis |mpI|esX1(L1,w1) — 0 anda!™! “’2)] ¢ Vis impliesya (12, ws) = 0.

znt(L

V1,301 x1(I1,01) = 1is clear by definition ofy;: For each; € {0, 1}’ there has to be a; € {0, 1}, such

that x1(t1,w1) = 1. By definition there is exactly one such: If ul ) € Vis, then chooses; = 0, if

u%}t(“) € Vs, then choose; = 1 and exactly one of these two possibilities must be true edivigs| = K

mt(L

V1,302 x2(Iz,02) = 1 is shown similarly: For each, € {0,1}? there has to bes, € {0,1}2, such that
X2 (t2,w2) = 1. wy is chosen in such a way, that ™ “’2)] € Vis. The fact that there is (exactly one) such

nt (L)

follows from |Vrs| = Kr: all ) € Vis,a ) € Vis.

int(Lo

) € Vis ora[ ]

mt(L int(io

<—: Now we assume that can be decomposed infqa andy- accordlng to the conditions &P.
We can define a séfrs with |Vrs| = 2! + 27 and show thaV/;s is an IS.

According to the conditions fox;, for each:; € {0, 1}! there has to be (at least) ome € {0,1}, such that

x1(11,w1) = 1. For each; € {0, 1} selectexactly onesuchw; and mcludeuz“jli%b ) into V7.

In the same way, according to the conditions fer for each:s € {0, 1}” there has to be (at least) ong €
{0, 1}2, such thatya (t2,w2) = 1. Itis easy to see, that for such arit holdsws # (0, 0):

If x2(z2,0,0) = 1 would be true, then foall 1; € {0,1}, w1 € {0,1} x1(¢1,w1) = 0, because(i1,ws,
t2,0,0) = 0 andyx = x1 - x2. However this would imply (again becauseyof= x; - x=2) thaty is constant 0.
From the definition ofy it is easy to see, that this is not true.

Thus for each, € {0,1}? exactly onev, € {(0,1), (1,0),(1,1)} can be selected witly2(t2,w2) = 1 and
EZ”:((L“:)Z)] is included intoV;s.
We still have to show thdt;s as defined above is an IS.

We assume that there are two nodes € V;g, suchthafv, w} € E; and prove that this leads to a contradiction:

Case 1L:v,w € V,i.e.{v,w} = {uZ ,u[l]}
Contradiction, since for each € {0,1}' exactly onev; was selected, such tha[lfjli] was included into
Vis.

Case 2:v,w € V},i.e.{v,w} = {ag.r],ags]} with r # s € {1,2,3}.
Contradiction, since for eachh € {0, 1}? exactly onev, € {(0,1),(1,0), (1,1)} was selected, such that

E;”tt((b‘;’;)] was included intd/;s.
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Case 3:{v,w} € E/, i.e.{v,w} = {al, u{T} with r € {1,2,3} ands € {0,1}.
Sincev,w € Vig, we havexi(bin(q),s) = 1 and xa2(bin(j),bin(r)) = 1, and thereforey(bin(q),
s, bin(g),bin(r)) = 1. However this is a contradiction to the definitionyafsince

x(bin(q), s, bin(j), bin(r)) = 0 because ofuj),al"'} € Er.

Thus it has been shown thEts is an I1S.|V;s| = 2! + 27 is clear from the definition oF7s.

C Proof of Theorem 3.4

Proof:
Let

cond”(X, I,.. .,Ib,Ol,.. .,Ob) = Hl(X, Il) + ...+ Hb(X, 01,. ..,Obfl,Ib) -I-cond(X, 01,. ..,Ob).
Thencond' = VX cond'" and our assumption is
VI;30:Y1,30, .. . VI,30,VX cond’ =1

Itis not hard to see, that this is equivalent to the statement

“Ifpo, : {0,110 — {0,13%",..., fo, : {0,1}%i=15 — {0,1}*, such that

VIV, .. NIV Xcond" (X, I, ..., Iy, fo,(I), - . ., fo, (I, - .., I)) = 1"

Now we prove that for an arbitragye {0, 1}" there isw; € {0,1}*,...,w, € {0,1}?*, such that
cond(§,wi,...,wp) = 1.

To do so, we make use of the topological order of the Black Boxe

Applying ¢ to the primary inputs of the partial implementation we oibtan input assignment € {0, 1}t of BB; with
Hy(¢,u) = 1.

Applying £ to the primary inputs ango, (1) to the output signals of Black BoBB; we obtain an input assignment
Lo € {0, 1}12 of BB, with Hg(f, f01 (Ll), Lg) =1.

Continuing the procedure we obtaif) .. ., t,—; and finallye, with Hy (€, fo,(t1),-- -5 fo,_ (t1s- -y th—1), ) = 1.

Using our assumption and the definitionshd”” we conclude

cond(£7f01([’1)7'"7f0b([’17"'7[’b)) =1

and since was arbitrarily chosen
VX30,,...,0, cond = 1.
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